Higher order interactions (HOIs) have been suggested to stabilize diverse ecological communities. 14 However, their role in maintaining species coexistence from the perspective of modern coexistence 15 theory is unknown. Here, using a three-species Lotka-Volterra model, we derive a general rule for species 16 42 or "rock-paper-scissors" interactions (Laird & Schamp, 2006; Gallien et al., 2017; Saavedra et al., 43 2017). Intransitive interactions are inherently pairwise in nature but they form interaction chains that 44 favor species coexistence. For example, in a three species system, intransitive competitive interactions 45 1 can lead to coexistence of all the three species, although none of the species pair can coexist alone.
of mechanisms that could inherently be high-dimensional. 48 When diverse species communities are modelled explicitly by considering only pairwise interactions, communities, their underlying role in maintaining species coexistence, from the purview of modern 54 coexistence theory (MCT) is unknown. This is primarily due to the difficulty of integrating MCT for 55 more than two species simultaneously (Saavedra et al., 2017; Barabas et al., 2016) . MCT states that 56 coexistence is possible when fitness differences between species are smaller than their niche differences 57 (Chesson, 2000) . In MCT, coexistence of species can be understood from a mutual invasibility criteria, 58 where the invasion growth rate of a species is analytically decomposed into stabilizing niche differences 59 and average fitness differences (Kremer & Klausmeier, 2013; Gallien et al., 2017) . Niche differences 60 increase the probability for species coexistence while fitness differences increase the probability of 61 competitive exclusion. Importantly, fitness and niche differences can be quantified from the terms of (1) 64 If niche overlap is greater than the fitness difference between two species, then coexistence is not 65 possible. Under certain simplistic assumptions, one can integrate results from HOIs into the traditional 66 framework of pairwise species coexistence. Such an integration would make the relevance and the 67 understanding of HOIs more complete. 68 Here, using a three-species Lotka-Volterra model, we demonstrate the importance of HOIs in maintaining 69 and disrupting species coexistence. Specifically, using invasibility criterion, we modified pairwise 70 interspecific coefficients of the Lotka-Volterra model in a way that allowed us to create a range of fitness 71 differences ranging from low to high. We then show how negative three-way HOIs (HOIs that intensify 72 pairwise competitions), and positive three-way HOIs (HOIs that alleviate pairwise competition) can 73 stabilize species coexistence in fitness regions, where species coexistence is impossible if only pairwise 74 interactions are considered. We then extend our three-species HOIs case, to a multispecies competitive 75 community, and show that the conditions under which HOIs stabilize species coexistence in the 76 three-species case still holds in a multispecies community. We highlight the possible mechanisms by 77 which HOIs could promote coexistence in species-rich communities. 
HOIs see appendix A):
where α ij and β ijk are pair-wise interactions and HOIs respectively. Here, higher-order terms could 84 broadly be defined as non-additive effects on per capita fitness of a species. HOIs could intensify or 85 alleviate the pairwise competition between two species depending on the sign of β ijk as negative or 86 positive respectively. Here, n = 3, in this particular section, and we evaluate the effect of HOIs for 87 multispecies (n = 50) communities later (see section 2.3). In this particular model, we make a few 88 assumptions while deriving the invasion growth rate for the three species case-89 1) There is interspecific competitive interaction between species 1 and 2, but not with species 3. This 90 means that the matrix of competitive interactions will be:
2) Only interspecific HOIs are taken into account. This means that terms such as β iii = 0, where 93 i = 1, 2, 3.
94
3) Species 3 influences species 1, and species 2 only through HOIs. However, species 3 does not get 95 influenced by species 1 or 2 through HOIs (β 3jk = 0; where j, k = 1, 2).
96
These assumptions were made to ensure that the number of terms in the HOI model are tractable for 97 simple analysis (appendix A). Using these assumptions, we can expand the model in equation (2) as:
where i = 1, 2 (for species 3 see appendix A). We can then write the HOI matrix for each of the species 100 as:
Where i = 1, 2; β i31 = β i32 = β i33 = 0; and β iii = 0.
103
We consider cases of both positive and negative HOIs, while calculating the invasion growth rates.
104

Invasion growth rate and coexistence theory 105
The invasion growth rate, r i , is the per capita rate of increase in a species' abundance-when it is 106 rare-in presence of the other species, which is at equilibrium in the community. This means 1
Ni dNi dt > 0 107 for species i in the community. Invasion growth rates of species 1 in the presence of HOIs in the 108 community can be written as (see appendix A):
where N * 3 = 1 α33 (appendix A).
111
We evaluated the effect of 3-way and 4-way HOIs in promoting coexistence by comparing invasion 
Where d = 0.01. The above modified matrix ensures that niche overlap between species 1 and species 2 120 is at 0.5 even when fitness differences (calculated using equations 1), controlled by θ, increases linearly.
121
As θ is varied from 0 to 7, fitness difference between species 2 and 1 increases linearly. Next, to evaluate whether the presence of three-way and four-way HOIs (appendix B) stabilizes pairwise 129 coexistence in scenarios where fitness differences are extreme, we estimated invasion growth rates of 130 species 1(r * 1 ) when species 2 is present at equilibrium. When HOIs are absent, it is expected that given 131 niche overlap is at 0.5, pairwise coexistence becomes impossible as fitness differences increase. The
132
importance of HOIs will be evident if species 1 could increase its invasion growth rates and invade 133 when HOIs are present even when fitness differences are large, i.e. they could increase their numbers 134 even when differences between the two species in terms of fitness are large. For sensitivity analysis of 135 invasion growth rate to HOIs see appendix C. competitive community can be written as:
Where, α ij represents pairwise competitive interactions. α ij is the element in the i-th row and j-th for multispecies coexistence to be stable is: 
We thus structured our analysis in the following way -we took a 50 species competitive community 160 where intraspecific competition coefficients, i.e., diagonal elements of C were kept the same. In the simple pairwise interaction case, given a niche overlap of 0.5, coexistence between species 1 177 and 2 was only possible when fitness differences between them ranged from 0 to 2. Beyond a fitness 178 difference of 2, coexistence was not possible, as the invasion growth rate became negative.
179
Interestingly, we found that, when three-way HOIs were negative, invasion growth rate of species 1 was 180 positive across the range of fitness differences, provided species 3 intensified intraspecific competition 181 of species 2 (β 223 ) more than it intensified interspecific competition (β 123 ) (Fig. 1) . However, if all 182 negative three-way HOIs had the same magnitude, species coexistence was impossible even with low 183 fitness differences (Fig. 1, symmetric case) .
184
Negative four-way HOIs could also promote coexistence, even when fitness differences between two present, also increased (appendix Fig. B7-8 ).
207
Higher-order interactions and coexistence in a large competitive community 208
When Weyl's inequality was satisfied by pairwise competitive interactions, a 50 species community was 209 feasible and stable in the absence of HOIs (Fig. 3 C) . Failing to fulfil the inequality led to disruption 210 of pairwise species coexistence (Fig. 3G ).
211
Interestingly, in the presence of negative HOIs, even when Weyl's inequality was not fulfilled, coexistence 212 of 50 species was possible provided intraspecific HOIs were stronger than interspecific HOIs (Fig. 3H , 213 3J). When interspecific HOIs were stronger than intraspecific HOIs, coexistence of all 50 species was 214 impossible, irrespective of whether Weyl's criteria was satisfied or not ( Fig. 3D, 3A) . Thus, failing to Fig. C13 ).
248
Importantly, when fitness differences between two species were extremely high, we believe positive 249 HOIs could lead to species coexistence by decreasing interspecific competition more than intraspecific 
255
Our results suggested that invasion growth rates were generally sensitive to changes in the strength of 256 HOIs, for both positive and negative HOIs (appendix Fig. C9 ), which suggests that parameter changes 257 in HOIs has the potential to destabilize species coexistence. Hence under restricted parameter space, was an order of magnitude lower in comparison to pairwise interactions (appendix Fig. B1-2, B5-6) .
262
It is possible that four-way interactions could be prevalent in species communities, but empirically HOIs was strictly greater than interspecific HOIs, species coexistence in a large competitive community 277 was stabilized. This is analogous to the two-species coexistence rule, that species must limit themselves 278 more than they limit competitors. In general, the simplest way to generalize multispecies coexistence 279 in the presence of negative HOIs was that -when pairwise coexistence for multispecies community was always stabilized. However, in the presence of negative HOIs where interspecific HOIs were strictly stronger than intraspecific HOIs, i.e., β ijk > β iik (A), species coexistence was destabilized (D), while when the opposite happens, i.e., β iik > β ijk (B), which suggests intraspecific HOIs to be stronger than interspecific HOIs, species coexistence was again stabilized (E). When Weyl's inequality was not satisfied, (b 1 +a s > 0) (F), pairwise coexistence was impossible (F). However, in the presence of negative HOISs and if intraspecific HOIs were stronger than interspecific HOIs, β iik > β ijk (J), species coexistence was then stabilized (H), but disrupted again (G) if interspecific HOIs were stronger than intraspecific HOIs (I).
